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ABSTRACT 
Approximate analysis is a major application of variational principles for heat 
conduction. Recently, O’Toole’s variational principle for Fourier’s law has 
been extended to non-Fourier heat conduction models, which are applied to 
approximate analyses based on the Rayleigh–Ritz method. Suitable trial 
functions satisfying boundary conditions are sought, and then substituted 
into the variational principles to obtain the undetermined coefficients. From 
the inverse Laplace transforms, the approximate solutions are obtained. 
Examples are provided for 1D problems for different heat conduction 
models. The largest calculation errors are one or two orders of magnitude 
smaller than the equilibrium temperature, which will tend to be zero. 
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1. Introduction 

Great efforts have been made on approximate methods for heat conduction problems [1–4]. Although 
the thermal balance method is one of the most typical and commonly used methods [5–8], variational 
principles for heat conduction can also provide approximate analytical methods, which may help 
develop numerical methods and discuss the characteristics of solutions [9,10]. There are several var-
iational principles for dissipative processes including heat conduction, which have been pioneered by 
Onsager et al. [11–13], Prigogine et al. [14], Biot [15,16], Gyarmati et al. [17,18], and others [19–23]. 
Biot’s variational principle is one of the most frequently used methods for approximate analyses 
[24–27]. Gyarmati’s variational principle of dissipative processes, which is usually called the 
Governing Principle of Dissipative Processes (GPDP), is also often applied to approximate analyses 
[28–31]. Both Biot’s method and GPDP are mainly used for approximate analyses in Fourier heat 
conduction, whose results have been enriched for different problems. However, for non-Fourier heat 
conduction, which must be considered at low temperature, high heat flux, and supertransient and 
small-scale processes [32–37], the variational analytical method is rarely studied. 

O’Toole [38] first used Laplace transforms to provide variational principles for time-dependent 
transport processes with the Laplace transform [39] U(x, y, z, p) of a function u(x, y, z, t) expressed 
as U x; y; z; pð Þ ¼

Rþ1
0 u x; y; z; tð Þe� ptdt. O’Toole’s variational principle is only for Fourier’s law with 

the first type of boundary condition, which specifies the boundary temperature. Recently, O’Toole’s 
method has been generalized to other cases, including non-Fourier heat conduction and all three 
types of boundary conditions [40]. Variational principles based on Laplace transforms are proposed 
for several non-Fourier heat conduction models, including the Cattaneo–Vernotte (CV) model 
[40,41], the Jeffrey model [42], the two-temperature (TT) model [43], and the Guyer–Krumhansl 
(GK) model [44]. 
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This paper applies the variational principles based on Laplace transforms to approximate the 
method for Fourier and non-Fourier heat conductions. The approximate analyses can be considered 
as an extension of the Rayleigh–Ritz variation method. First, in the Laplace transform space, suitable 
expressions of the trial functions satisfying all boundary conditions are sought, which have 
undetermined coefficients. Then, these trial functions are substituted into the variational principles 
based on Laplace transforms to obtain the undetermined coefficients. After determining the coeffi-
cients and trial functions, approximate solutions can be derived from the inverse Laplace transforms 
of the trial functions. Approximate analytical examples are provided and discussed for one- 
dimensional problems with the first type of boundary condition, and different heat conduction 
models, including Fourier’s law, the CV model, the Jeffrey model, the TT model, and the GK model. 

2. Approximate method and examples 

2.1. Fourier's law 

Fourier’s law and the energy conservation equation are expressed as 

qþ krT ¼ 0; ð1Þ

r � q ¼ � qcV
qT
qt
: ð2Þ

The thermal conductivity λ, the specific heat cV, and particularly the mass density ρ are positive and 
constant in time and space. Eqs (1) and (2) can be combined to give the heat conduction equation: 

qT
qt
¼

k

qcV
r2T: ð3Þ

For the first type of boundary condition, the variational principle based on Laplace transforms [40] is 

d

Z Z Z

D

k

qcV
rFj j

2
þ p Fj j2 � 2F Tjt¼0

� �
� �

dV

8
<

:

9
=

;
¼ 0; ð4Þ

Consider a one-dimensional problem in 0 � x � l, where the initial condition is taken as 
Tjt¼0 ¼ T0 1þ sin px

l

� �
and the boundary conditions are taken as T|x ¼ 0, l ¼ T0. The classical solution 

of this problem is 

T x; tð Þ ¼ T0 1þ e�
kp2 t
qcV l2 sin

px
l

� �

: ð5Þ

Nomenclature 

a thermal diffusivity in Fourier’s law, m2/s 
c isothermal first-sound velocity in the GK model, 

m/s 
CE heat wave velocity, m/s 
cV specific heat, J/K · kg 
D spatial domain 
F Laplace transform of temperature, F ¼

Rþ1

0
Te� ptdt 

Fo Fourier number 
k total thermal conductivity in the Jeffrey model,  

W/K · m 
kF thermal conductivity for Fourier heat conduction 

in the Jeffrey model, W/K · m 
l boundary coordinate, m 
q heat flux, W/m2 

t time coordinate, s 

T temperature, K 
Te electron temperature in the TT model, K 
x space coordinate, m 
αe thermal diffusivity of the electrons in the TT 

model, m2/s 
αE equivalent thermal diffusivity in the TT model, 

m2/s 
λ thermal conductivity in Fourier’s law, W/K · m 
ρ mass density, kg/m3 

τ thermal relaxation time in the CV and Jeffrey 
models, s 

τN single-phonon relaxation time for normal  
processes in the GK model, s 

τR momentum loss relaxation time in the GK model, s   
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The approximate solution of this problem is written as T�1 x; tð Þ. F�1 is the Laplace transform of 
T�1 x; tð Þ, which should satisfy Eq. (4) and the boundary conditions. Because there are two boundary 
conditions and one variational equation, F�1 can be expressed as a second-order polynomial 
approximation: 

F�1 ¼ k1x2 þ b1xþ c1: ð6Þ

The Laplace transforms of the boundary conditions are 

F�1
�
�
x¼0;l ¼

T0

p
: ð7Þ

From Eqs. (6) and (7), we can obtain 

c1 ¼
T0

p
; ð8� aÞ

k1l þ b1 ¼ 0: ð8� bÞ

Then, we have a second-order polynomial approximation expressed by k1: 

F�1 ¼ k1x2 � k1lx þ
T0

p
: ð9Þ

Substituting Eq. (9) into Eq. (4) leads to 

d

Z l

0

k

qcV
2k1x � k1lð Þ

2
�

8
<

:
þ p k1x2 � k1lxþ

T0

p

� �2

� 2 k1x2 � k1lxþ
T0

p

� �

T0 1þ sin
px
l

� ��

dx

)

¼ 0:

ð10Þ

Equation (10) could be simplified to 

d
kl3

3qcV
þ

pl5

30

� �

k2
1 þ

8T0l3k1

p3

� �

¼ 2
kl3

3qcV
þ

pl5

30

� �

k1 þ
8T0l3

p3

� �

d k1ð Þ ¼ 0: ð11Þ

From Eq. (11), 

k1 ¼
� 4T0l3

p3

kl3

3qcV
þ

pl5

30

� � : ð12Þ

Substituting Eq. (12) into Eq. (9), we get 

F�1 ¼
� 4T0l3

p3

kl3

3qcV
þ

pl5

30

� � x2 � lx
� �

þ
T0

p
: ð13Þ

From the inverse Laplace transform of Eq. (13), the approximate solution is obtained: 

T�1 x; tð Þ ¼ �
120
p3 T0e� 10 kt

qcV l2
x2

l2 �
x
l

� �

þ T0: ð14Þ

The calculation error is 

DT1 x; tð Þ ¼ T�1 x; tð Þ � T1 x; tð Þ ¼ �
120
p3 T0e� 10 kt

qcV l2
x2

l2 �
x
l

� �

� Te�
kp2 t
qcV l2 sin

px
l
: ð15Þ

964 S.-N. LI AND B.-Y. CAO 



From the differentiations of Eq. (15), we have q DT1 x;tð Þð Þ

qt � 0, q DT1 x;tð Þð Þ

qx

�
�
�

0<x� l
2

� 0, q DT1 x;tð Þð Þ

qx

�
�
�

x¼ l
2

¼ 0 
and q DT1 x;tð Þð Þ

qx

�
�
�

l
2�x<l

� 0. Therefore, the calculation error reaches a maximum at x ¼ l
2 and t ¼ 0 

max DT1 x; tð Þ½ � ¼ DT1
l
2
; 0

� �

¼ 0:03245T0; ð16Þ

which is two orders of magnitude smaller than the equilibrium temperature T0. For a fixed time t0, 
DT1

l
2 ; t0
� �

is the largest calculation error in the whole temperature field. Therefore, the calculation 
error at x ¼ l

2 could show the degree of approximation in this problem, which is shown by 
Figure 1. It is found that DT1

l
2 ; t
� �

decays with time. The largest calculation error in the whole field 
will be smaller than 0.01T0 when Fo ¼ 0.2, and almost zero when Fo ¼ 0.8. Notice that the whole 
temperature field T(x, t) ≥ T0, and therefore the relative error will be smaller than the numerical value 
in Figure 1. In engineering, when Fo > 0.2, the one-term approximate solutions or the transient tem-
perature charts will be applicable because their relative errors are smaller than 1%. It means that for 
this example, this approximate method can provide sufficient accuracy in engineering. 

2.2. CV model 

The heat conduction equation of the CV model is 

qT
qt
þ s

q2T
qt2 ¼

k

qcV
r2T: ð17Þ

The variational principle for the first type of boundary condition [43] is 

d

Z Z Z

D

k

qcV
rFj j

2
þ pþ sp2� �

F2 � 2 spþ 1ð ÞTjt¼0 þ s
qT
qt

�
�
�
�

t¼0

� �

F
� �

dV

8
<

:

9
=

;
¼ 0: ð18Þ

Consider a one-dimensional problem in 0 � x � l, where the initial conditions are taken as 
Tjt¼0 ¼ T0 1þ sin px

l

� �
, qT
qt

�
�

t¼0 ¼ �
T0
2s

sin px
l ; the boundary conditions are taken as T|x ¼ 0, l ¼ T0; and 

the physical properties satisfy 4ksp2

qcV l2 ¼ 1. The classical solution of this problem is 

TCV x; tð Þ ¼ T0 1þ e�
t

2s sin
px
l

� �
: ð19Þ

Figure 1. The calculation error of Fourier’s law.  
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The approximate solution of this problem is T�CV x; tð Þ, whose Laplace transform is F�CV . Similar to 
Fourier’s law, F�CV is still written as a second-order polynomial approximation: 

F�CV ¼ kCV x2 þ bCVx þ cCV : ð20Þ

The Laplace transforms of the boundary conditions are 

F�CV
�
�

x¼0;l ¼
T0

p
: ð21Þ

From Eqs. (20) and (21), we can obtain 

cCV ¼
T0

p
; ð22� aÞ

kCVl þ bCV ¼ 0: ð22� bÞ

Then, F�CV can be expressed by kCV 

F�CV ¼ kCV x2 � kCVlx þ
T0

p
: ð23Þ

Substituting Eq. (23) into Eq. (18) leads to 

d

Z l

0

k

qcV
2kCV x � kCV lð Þ

2
�

8
<

:
þ pþ sp2� �

kCV x2 � kCVlx þ
T0

p

� �2

�

2T0 kCV x2 � kCV lxþ
T0

p

� �

1þ spþ sp sin
px
l
þ

1
2

sin
px
l

� ��

dx

)

¼ 0:

ð24Þ

Equation (24) can be simplified to 

d
kl3

3qcV
þ

pþ sp2ð Þl5

30

� �

k2
CV þ

4T0l3kCV

p3 1þ 2spð Þ

� �

¼ 0; ð25� aÞ

2
kl3

3qcV
þ

pþ sp2ð Þl5

30

� �

kCV þ
4T0l3

p3 1þ 2spð Þ

� �

d kCVð Þ ¼ 0: ð25� bÞ

From Eq. (25-b), 

kCV ¼
� 2T0l3

p3 1þ 2spð Þ

kl3

3qcV
þ

pþsp2ð Þl5

30

: ð26Þ

Substituting Eq. (26) into Eq. (23), we get 

F�CV ¼
� 2T0l3

p3 1þ 2spð Þ

kl3

3qcV
þ

pþsp2ð Þl5
30

x2 � lx
� �

þ
T0

p
: ð27Þ

From 4ksp2

qcV l2 ¼ 1 and the inverse Laplace transform of Eq. (27), the approximate solution is obtained 

T�CV x; tð Þ ¼ �
120
p3 T0e�

t
2s cos

t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

2p2 �
1
4

r !
x2

l2 �
x
l

� �

þ T0: ð28Þ
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The calculation error is 

DTCV x; tð Þ ¼ T�CV x; tð Þ � TCV x; tð Þ

¼ �
120
p3 T0e�

t
2s cos

t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

2p2 �
1
4

r !
x2

l2 �
x
l

� �

� T0e�
t

2s sin
px
l
: ð29Þ

From the differentiations of Eq. (29), we have q DTCV x;tð Þð Þ

qt � 0, q DTCV x;tð Þð Þ

qx

�
�
�

0<x� l
2

� 0, q DTCV x;tð Þð Þ

qx

�
�
�

x¼ l
2

¼ 0 

and q DTCV x;tð Þð Þ

qx

�
�
�

l
2�x<l

� 0. Therefore, the calculation error reaches a maximum at x ¼ l
2 and t ¼ 0 

max DTCV x; tð Þ½ � ¼ DTCV
l
2
; 0

� �

¼ 0:03245T0: ð30Þ

which is also two orders of magnitude smaller than the equilibrium temperature T0. For a fixed time 
t0, DTCV

l
2 ; t0
� �

is still the largest calculation error in the whole field. Figure 2 shows the calculation 
error at x ¼ l

2, which reflects the degree of approximation in this problem. It is found that DTCV
l
2 ; t
� �

decays with time, which will be smaller than 0.01T0 when t ¼ 2.5τ, and almost zero when t ¼ 10τ. In 
general, the relaxation time of matters is very small in physics, which is in the order of ps∼fs, showing 
that the calculation error will tend to zero very quickly. 

2.3. Jeffrey model 

The heat conduction equation of the Jeffrey model is 

1
s

qT
qt
þ
q2T
qt2 ¼

k
qcVs

r2T þ
kF

qcV

q

qt
r2T
� �

: ð31Þ

The variational principle for the first type of boundary condition [40] is 

d

Z Z Z

D

k
qcVs
þ

pkF
qcV

� �
rFj j

2
þ p2 þ

p
s

� �
F2�

2 pþ 1
s

� �
T
�
�

t¼0 þ
qT
qt

�
�

t¼0 �
kF
qcV
r2Tjt¼0

h i
F

8
<

:

9
=

;
dV

8
<

:

9
=

;
¼ 0: ð32Þ

Consider a one-dimensional problem in 0 � x � l, where the initial conditions are taken as 
Tjt¼0 ¼ T0 1þ sin px

l

� �
, qT

qt

�
�

t¼0 ¼ �
T0
2s

sin px
l , r2Tjt¼0 ¼ �

p2

l2 T0 sin px
l ; the boundary conditions are 

Figure 2. The calculation error of the CV model.  
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taken as T|x ¼ 0, l ¼ T0; and the physical properties satisfy 4ksp2

qcV l2 ¼ 1þ kFsp2

qcV l2

� �2
. The classical solution of 

this problem is 

T x; tð Þ ¼ T0 1þ e�
t

2s
�

kFp2t
2qcV l2 sin

px
l

� �

: ð33Þ

Similar to the above-mentioned cases, F�J , which is the Laplace transform of the approximate solution 
T�J x; tð Þ, is still expressed as a second-order polynomial approximation: 

F�J ¼ kJx2 � kJlx þ
T0

p
: ð34Þ

Substituting Eq. (34) into Eq. (32) leads to 

d

Z l

0

k
qcV
þ

spkF

qcV

� �

2kJx � kJlð Þ
2

�
8
<

:
þ pþ sp2� �

kJx2 � kJlx þ
T0

p

� �2

� 2T0

kJx2 � kJlxþ
T0

p

� �

1þ spþ sp sin
px
l
þ

1
2

sin
px
l
þ

skFp
2

qcV l2 sin
px
l

� ��

dx
�

¼ 0:

ð35Þ

Equation (35) could be simplified to 

d
kþ spkFð Þl3

3qcV
þ

pþ sp2ð Þl5

30

� �

k2
J þ

4T0l3kJ

p3 1þ 2spþ
2skFp

2

qcVl2

� �� �

¼ 0; ð36� aÞ

2
kþ spkFð Þl3

3qcV
þ

pþ sp2ð Þl5

30

� �

kJ þ
4T0l3

p3 1þ 2spþ
2skFp

2

qcV l2

� �� �

d kJð Þ ¼ 0: ð36� bÞ

From Eq. (36-b), 

kJ ¼
� 2T0l3

p3 1þ 2spþ 2skFp2

qcV l2

� �

kþspkFð Þl3

3qcV
þ

pþsp2ð Þl5

30

: ð37Þ

Then, we can obtain F�J 

F�J ¼
� 2T0l3

p3 1þ 2spþ 2skFp2

qcV l2

� �

kþspkFð Þl3
3qcV

þ
pþsp2ð Þl5

30

x2 � lx
� �

þ
T0

p
: ð38Þ

There are three cases for the inverse Laplace transform of Eq. (38). When 1
s2

5
2p2 �

1
4

� �
þ

k2
F

q2c2
V l4

5p2

2 � 25
� �

> 0 (called Jeffrey-1), the approximate solution is 

T�J x; tð Þ ¼ T0 �
120T0

p3
x2

l2 �
x
l

� �

e�
t

2s
�

5kF t
qcV l2 cos

t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5
2p2 �

1
4
þ

k2
Fs

2

q2c2
V l4

5p2

2
� 25

� �s" #(

þ
kFs p2 � 5ð Þ

qcV l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

2p2 �
1
4þ

k2
Fs2

q2c2
V l4

5p2

2 � 25
� �

r sin
t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5
2p2 �

1
4
þ

k2
Fs

2

q2c2
V l4

5p2

2
� 25

� �s" #
9
>>=

>>;

:

ð39Þ
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The calculation error is 

DTJ1 x; tð Þ ¼ �
120T0

p3
x2

l2 �
x
l

� �

e�
t

2s
�

5kF t
qcV l2

�

cos
t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5
2p2 �

1
4
þ

k2
Fs

2

q2c2
V l4

5p2

2
� 25

� �s" #

þ
kFs p2 � 5ð Þ

qcVl2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

2p2 �
1
4þ

k2
Fs2

q2c2
V l4

5p2

2 � 25
� �

r sin
t
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

2p2 �
1
4
þ

k2
Fs

2

q2c2
V l4

5p2

2
� 25

� �s" #�

� T0e�
t

2s
�

kFp2 t
2qcV l2 sin

px
l
:

ð40Þ

In this case, the calculation error will still reach a maximum at x ¼ l
2 and t ¼ 0, 

max DTJ1 x; tð Þ½ � ¼ DTJ1
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than the 
equilibrium temperature T0. DTJ1

l
2 ; t
� �

is shown in Figure 3 (Jeffrey-1, kFs
qcV l2 ¼

1
2p2). In this case, the 

largest calculation error in the whole temperature field still decays with time, which will be smaller 
than 0.01T0 when t ¼ 2τ, and almost zero when t ¼ 9τ. When 1

s2
5

2p2 �
1
4

� �
þ

k2
F

q2c2
V l4

5p2

2 � 25
� �

¼ 0 
(called Jeffrey-2), the approximate solution is 

T�J x; tð Þ ¼ T0 �
120T0

p3
x2

l2 �
x
l

� �

e�
t

2s
�

5kF t
qcV l2 1þ

kF p2 � 5ð Þ

qcVl2 t
� �

: ð41Þ

The calculation error is 

DTJ2 x; tð Þ ¼
120T0

p3
x
l
�

x2

l2

� �

e�
t

2s
�

5kF t
qcV l2 1þ

kF p2 � 5ð Þ

qcV l2 t
� �

� T0e�
t

2s
�

kFp2 t
2qcV l2 sin

px
l
: ð42Þ

In this case, DTJ2
l
2 ; t
� �

, shown in Figure 3 (Jeffrey-2), is still the largest calculation error in the whole 
temperature field, but DTJ2

l
2 ; 0
� �

is not the maximum error. The largest calculation error in the whole 
field reaches its maximum at t ≈ τ, and this maximum error is only one order of magnitude smaller 
than the equilibrium temperature T0. When 1

s2
5

2p2 �
1
4

� �
þ

k2
F

q2c2
V l4

5p2

2 � 25
� �

< 0 (called Jeffrey-3), the 

Figure 3. The calculation error of the Jeffrey model.  
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approximate solution is 

T�J x; tð Þ ¼ �
60T0

p3
x2

l2 �
x
l

� �

e
� t

2s
�

5kF t
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ð43Þ

The calculation error is 

DTJ3 x; tð Þ ¼ �
60T0
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In this case, the calculation error will still reach the maximum at x ¼ l
2 and t ¼ 0, 

max DTJ3 x; tð Þ½ � ¼ DTJ3
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than the 

equilibrium temperature T0. Figure 3 Jeffrey � 3 kFs
qcV l2 ¼

1
p2

� �
shows the largest calculation error in 

the whole field. DTJ3
l
2 ; t
� �

, which decays with time, will be smaller than 0.01T0 when t ¼ 1.5τ, and 
almost zero when t ¼ 5.5τ. 

2.4. TT model 

Anisinov et al. proposed the TT model for metals with the heat conduction equation expressed as 

r2Te þ
ae

C2
E

q

qt
ðr2TeÞ ¼

1
aE

qTe

qt
þ

1
C2

E

q2Te

qt2 ; ð45Þ

For the first type of boundary condition, the variational principle [40] is 

d
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Fe

�
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�

¼ 0:
ð46Þ

Consider a one-dimensional problem in 0 � x � l, where the initial conditions are taken as Tjt¼0¼T0 

1þ sinpx
l

� �
, qT
qt

�
�

t¼0¼ �
T0C2

E
2aE

sinpx
l , r2Tjt¼0¼ �

p2

l2 T0 sinpx
l ; the boundary conditions are taken as T|x ¼ 0, l ¼

T0; and the physical properties satisfy 4a2
Ep2

l2C2
E
¼ 1þ aeaEp2

C2
El2

� �2
. The classical solution of this problem is 

T x; tð Þ ¼ T0 1þ e�
tC2

E
2aE
� aep2 t

2l2 sin
px
l

� �

: ð47Þ
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F�e , which is the Laplace transform of the approximate solution T�e x; tð Þ, can be written as 

F�e ¼ kex2 � kelx þ
T0

p
: ð48Þ

Substituting Eq. (48) into Eq. (46) leads to 

d

Z l
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ð49Þ

Equation (49) could be simplified to 

2
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paeaE
C2

E

� �
l3

3
þ

pþ p2aE
C2

E

� �
l5

30

2

4

3

5ke þ
4T0l3

p3 1þ
2paE

C2
E
þ

2p2aeaE

l2C2
E

� �
8
<

:

9
=

;
d keð Þ ¼ 0: ð50Þ

From Eq. (50), 
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E
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Then, we can obtain the Laplace transform of the approximate solution 
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There are also three cases for the inverse Laplace transform of Eq. (52). When C4
E
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E

5
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1
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l4
5p2
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> 0 (called TT-1), the approximate solution is 
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The calculation error is 

DTe1 x; tð Þ ¼
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In this case, the calculation error will still reach the maximum at x ¼ l
2 and t ¼ 0, 

max DTe1 x; tð Þ½ � ¼ DTe1
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than the 
equilibrium temperature T0. Figure 4 (TT-1, aeaE

l2C2
E
¼ 1

2p2, sE ¼
aE
C2

E
) shows DTe1

l
2 ; 0
� �

, which will be smal-
ler than 0.01T0 when t ¼ 2τE, and almost zero when t ¼ 9τE. When C4

E
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E

5
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1
4

� �
þ

a2
e

l4
5p2

2 � 25
� �

¼ 0 
(called TT-2), the approximate solution is 
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The calculation error is 

DTe2 x; tð Þ ¼
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ð56Þ

DTe2
l
2 ; t
� �

, shown in Figure 4 (TT-2), is still the largest calculation error in the whole temperature 
field. The largest calculation error in the whole field reaches its maximum at t ≈ τE, which is 
only one order of magnitude smaller than the equilibrium temperature T0. When 
C4

E
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E

5
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1
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� �
þ

a2
e
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� �

< 0 (called TT-3), the approximate solution is 
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Figure 4. The calculation error of the TT model.  
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The calculation error is 
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In this case, the calculation error will still reach the maximum at x ¼ l
2 and t ¼ 0, 

max DTe3 x; tð Þ½ � ¼ DTe3
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than the 
equilibrium temperature T0. Figure 4 (TT-3, aeaE

l2C2
E
¼ 1

p2) shows DTe3
l
2 ; t
� �

, which will be smaller than 
0.01T0 when t ¼ 1.5τE, and almost zero when t ¼ 5.5τE. 

2.5. GK model 

The GK model is a classical model for phonon heat conduction whose heat conduction equation is 

r2T þ
9sN

5
q

qt
ðr2TÞ ¼

2
sRc2

qT
qt
þ

3
c2
q2T
qt2 ; ð59Þ

For the first type of boundary condition, the variational principle [40] is 
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8
<
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9
=

;
¼ 0: ð60Þ

Consider a one-dimensional problem in 0 � x � l, where the initial conditions are taken as 
Tjt¼0 ¼ T0 1þ sin px

l

� �
, qT
qt

�
�

t¼0 ¼ �
T0
3sR

sin px
l , r2Tjt¼0 ¼ �

p2

l2 T0 sin px
l ; the boundary conditions are 

taken as T|x ¼ 0, l ¼ T0; and the physical properties satisfy 3s2
Rc2p2

l2 ¼ 1þ 9sNsRc2

10
p2

l2

� �2
. The classical 

solution of this problem is 

T x; tð Þ ¼ T0 1þ e�
t

2s
�

3sN c2
10

p2 t
l2 sin

px
l

� �

: ð61Þ

As the Laplace transform of the approximate solution T�GK x; tð Þ, F�GK is still written as 

F�GK ¼ kGKx2 � kGKlxþ
T0

p
: ð62Þ

Substituting Eq. (62) into Eq. (60) leads to 
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¼ 0:

ð63Þ
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Equation (63) could be simplified to 
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From Eq. (64), 
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Then, the Laplace transform of the approximate solution is obtained as 
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There are also three cases for the inverse Laplace transform of Eq. (66). When 4
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5
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1
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> 0 (called GK-1), the approximate solution is 
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The calculation error is 
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In this case, the calculation error will still reach the maximum at x ¼ l
2 and t ¼ 0, 

max DTGK1 x; tð Þ½ � ¼ DTGK1
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than 
the equilibrium temperature T0. Figure 5 (GK-1, 9sRsN c2

10l2 ¼
1

2p2) shows DTGK1
l
2 ; t
� �

, which will be smal-

ler than 0.01T0 when t ¼ 3τR, and almost zero when t ¼ 12τR. When 4
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(called GK-2), the approximate solution is 

T�GK x; tð Þ ¼ T0 �
120
p3 T0

x2

l2 �
x
l

� �

e�
t

3sR
�

3sN c2 t
l2 1 �

3sNc2 p2 � 5ð Þ

5l2 t
� �

: ð69Þ
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The calculation error is 

DTGK2 x; tð Þ ¼
120T0

p3
x
l
�

x2

l2

� �

e�
t

3sR
�

3sN c2 t
l2 1 �

3sNc2 p2 � 5ð Þt
5l2

� �

� T0e�
t

2s
�

3sN c2
10

p2 t
l2 sin

px
l
: ð70Þ

DTGK2
l
2 ; t
� �

, shown in Figure 5 (GK-2), is still the largest calculation error in the whole temperature 
field. The largest calculation error in the whole field reaches its maximum at t ≈ 1.5τR, which is only 
one order of magnitude smaller than the equilibrium temperature T0. When 4

9s2
R

5
2p2 �

1
4

� �
þ

9s2
N c4

25l4
5p2

2 � 25
� �

< 0 (called GK-3), the approximate solution is 

T�GK x; tð Þ ¼ �
60T0

p3
x2

l2 �
x
l

� �
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e
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5

2p2�
1
4þ

81s2
N s2
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2 � 25ð Þ

q
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20l2
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e
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2p2�
1
4þ
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N s2

Rc4
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2 � 25ð Þ

q

� 1

#) þ T0:

ð71Þ

The calculation error is 

DTGK3 x; tð Þ ¼
60T0

p3
x
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�

x2
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� �
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t
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þ
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ð72Þ

In this case, the calculation error will still reach a maximum at x ¼ l
2 and t ¼ 0, max DTGK3 x; tð Þ½ � ¼

DTGK3
l
2 ; 0
� �

¼ 0:03245T0, which is still two orders of magnitude smaller than the equilibrium 
temperature T0. Figure 5 (GK-3, 9sRsN c2

10l2 ¼
1
p2) shows DTGK3

l
2 ; 0
� �

, which will be smaller than 0.01T0 

when t ¼ 2τR, and almost zero when t ¼ 8τR. 

Figure 5. The calculation error of the GK model.  
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3. Conclusions 

This paper applies the variational principles based on the Laplace transforms to the approximate 
method for both Fourier and non-Fourier heat conduction problems. The approximate analyses 
can be considered as an extension of the Rayleigh–Ritz variation method. First, in the Laplace trans-
form space, suitable expressions of the trial functions satisfying all boundary conditions are sought. 
Then, these trial functions are substituted into the variational principles based on Laplace transforms 
to obtain the undetermined coefficients. After determining the coefficients and trial functions, 
approximate solutions can be derived from the inverse Laplace transforms of the trial functions. 
Approximate analytical examples are provided and discussed for one-dimensional problems with 
the first type of boundary condition and different heat conduction models. 

For Fourier’s law, the largest calculation error in the whole field decays with time, whose 
maximum is two orders of magnitude smaller than the equilibrium temperature. The largest calcu-
lation error will smaller than 0.01T0 when Fo ¼ 0.2, which is in the same order of the one-term 
approximate solutions or the transient temperature charts. This shows that the approximate method 
based on the variational principles in Ref [40] can provide sufficient accuracy in engineering. 

For the CV model, the largest calculation error in the whole field still decays with time, and its 
maximum is also two orders of magnitude smaller than the equilibrium temperature. The largest cal-
culation error will be ignorable when t ¼ 10τ. In general, the relaxation time of matters is very small in 
physics, which is in the order of ps∼fs, showing that the calculation error will tend to zero very quickly. 

For other non-Fourier heat conduction models, including the Jeffrey model, the TT model, and the 
GK model, there are special relations for physical properties. When the special relations are not 
satisfied, the largest calculation errors in the whole field still decay with time and reach maximums 
at t ¼ 0, and the maximums are two orders of magnitude smaller than the equilibrium temperature. 
When the special relations are satisfied, the largest calculation errors in the whole field would not 
reach maximums at t ¼ 0, and the maximums are only one order of magnitude smaller than the 
equilibrium temperature. Whether or not the special relations are satisfied, the calculation error will 
be much smaller than T0 in a short time if the thermal relaxation time is small enough, which is ten-
able for general non-Fourier heat conduction. 
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